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Expected utility maximization problems in mathematical finance 
' lead to a generalization of the classical definition of entropy. It is 

demonstrated that a necessary and sufficient condition for the second 
law of thermodynamics to operate is that any one of the generalized 
entropies should tend to its minimum value of zero. 
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1. Introduction. The maximization of expected logarithmic utility is 
well known to be related to the classical notion of Boltzmann-Gibbs en- 
tropy H(f) = f n f In fdfi, namely 



H (/) = sup / fhiwdfj, 

w JQ. 



for any density /, the supremum being taken over all densities w under the 
probability measure /jonO. This is a consequence of the integrated Gibbs 
inequality Jq / In / cfyi > f^flnwdfj,, valid for any densities / and w (see, 
£ \ e.g., [20, 22]). 

Several authors, including Bismut [3], Pikovsky and Karatzas [23], Amendinger, 
Imkeller and Schweizer [1], Frittelli [9, 10], Bellini and Frittelli [2], Schachermayer [27], 
Kramkov and Schachermayer [17, 18], Cvitanic, Schachermayer and Wang [7], 
Delbaen et al. [8], Rouge and El Karoui [26], Goll and Riischendorf [12] and 
^ ■ others, developed duality methods in the context of semimartingale theory, 

and in recent years have applied them in mathematical finance to investigate 



Received July 2002; revised June 2003. 

1 Supported in part by the British Council and the Polish State Committee for Scientific 
Research Grant WAR/341/204. 

AMS 2000 subject classifications. Primary 37A50; secondary 94A17, 60F25, 91B16, 
49N15. 

Key words and phrases. Entropy, Markov operators, utility maximization, exactness, 
ff-theorem, second law of thermodynamics. 



This is an electronic reprint of the original article published by the 
Institute of Mathematical Statistics in The Annals of Probability. 
2004, Vol. 32, No. 3A, 2261-2285. This reprint differs from the original in 
pagination and typographic detail. 

1 



2 



W. SLOMCZYNSKI AND T. ZASTAWNIAK 



sup w Jqu(w) dv over all possible finite values w > of self-financing trading 
strategies with fixed initial wealth a for a general class of utility functions u, 
where v is a probability measure that captures the true probabilities of 
possible market scenarios. According to [9, 10] and [2], in a wide class of 
arbitrage- free markets, there is a pricing measure /x, called a minimax mar- 
tingale measure, such that this supremum is equal to sup^ u(w) dv over 
all random variables w > with J n wd/i = a; see also [[11]— [15]]. 

We take unit initial wealth a = 1. When fi S> v with density f = the 
last supremum can be written as sup^ J n fu(w) dfx and is taken over all 
densities w with respect to measure fi. In particular, for the logarithmic 
utility u(x) = lnx, x > 0, the supremum is equal to H(f) = u(e H ^), where 

H(f)= f flnfdp 
Jn 

is the Boltzmann-Gibbs entropy of /. Moreover, in the case of isoelastic 
utility u(x) = ^x 1 ', x > 0, where 7 S ( — 00, 0) U (0, 1), it is not hard to verify 

that the supremum is equal to u(e Ha ^), where 

#«(/) = — hi / r*dn 
a — I Jn 

is the Renyi entropy of order a = (1 — 7)" 1 E (0, 1) U (1, 00); see [25]. 

These observations suggest that for a large class of utility functions u, the 
functional H u (f), defined by 

u(e Hu ^) =sup / fu(w)dfi 
w Jn 

for any density / under (i, where the supremum is taken over all densities 
w with respect to fj,, may share some general properties of the Boltzmann- 
Gibbs entropy H(f) or the Renyi entropy H a (f). We propose to call H u (f) 
the utility maximizing entropy or -u-entropy; see Definition 4. 

The class of utility functions considered here consists of all strictly con- 
cave, strictly increasing, continuously differentiable functions u : (0, 00) — > K 
such that lim x \o u' (x) = 00 and lim^oo u'(x) = 0, satisfying the asymptotic 
elasticity condition 

xu! (x^) 

AE(u) = limsup — < 1 

xfoo U[x) 

of Kramkov and Schachermayer [17]. The asymptotic elasticity condition is 
imposed to ensure that the supremum is realized for some density w; see 
Theorem 20. 

In this paper we demonstrate that H u (f) plays a similar role in the ther- 
modynamic equilibrium limit as the classical Boltzmann-Gibbs entropy H(f) 
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The states of a thermodynamic system are identified with the densities / 
on a phase space Q equipped with measure \x. The evolution of a state / 
can be described in terms of the iterations /, Pf, P 2 f, ... of a Markov op- 
erator P, that is, a linear operator on L l (fi) that transforms densities into 
densities. The existence of a stationary density / = Pf corresponds to a 
state of thermodynamic equilibrium. 

The second law of thermodynamics (in its strong form) stipulates the ex- 
istence of only one state / of thermodynamic equilibrium that is approached 
regardless of the initial state of the system and is associated with the mini- 
mum value zero of Boltzmann-Gibbs entropy H{f). On a space of measure 
1 this state must necessarily be given by the uniform density / = 1. A nec- 
essary and sufficient condition for the second law to operate is that the 
Markov operator P should be exact, that is, P n f — > 1 in L l ([i) as n — > oo 
for any density /; equivalently, the Boltzmann-Gibbs entropy should tend 
to its minimum value of zero, H(P n f) \ as n — > oo for any density / such 
that H(f) < oo; see [20] or [22]. 

The main result of this paper, Theorem 29, is that the Boltzmann-Gibbs 
entropy can be replaced by the iz-entropy for any given utility function u 
that satisfies the asymptotic elasticity condition. That is to say, P n f — > 1 
in ^ 1 (/u) as n — ► oo for any density / if and only if H u (P n f) \ as n — ► oo 
for any density / such that H u (f) < oo. In other words, it-entropy can play 
exactly the same role in the second law as the Boltzmann-Gibbs entropy. 
The results also extend to Markov semigroups; see Theorem 31. 

The behavior of Boltzmann-Gibbs entropy under the action of a Markov 
operator has been studied by many authors. 

The fact that the sequence H(P n f) is decreasing (iJ-theorem) can easily 
be derived from the Jensen inequality for Markov operators. The idea goes 
back at least as far as the early papers of Csiszar (see also [[20, 21, 28]]). 

The implication 

(1) => f n £l, 

which is true for an arbitrary sequence of densities {/ n }neN) follows immedi- 
ately from the Pinsker-Kullback-Csiszar inequality: ^||/ — l||^i < H(f) ( see 
[[5, 19, 24]]; for another proof, see [21]). In fact, Loskot and Rudnicki [21] 
proved this implication for a larger class of entropy-like quantities, Csiszar's 
r/-entropies [5] H r) (f) = f n rj(f) dfj,, where r\ : [0, oo) — > M is an arbitrary con- 
vex function such that r/(0) = 0. The result was applied in [4] and [21] to 
analyze the stability of solutions of parabolic equations. The notion of rj- 
entropy also covers the case of Renyi entropy of order a S (0,1) U (l,oo). 
The proof of the implication in [20] applies to a sequence of the special form 
f n = P n f (n S N) with P a Markov operator and uses the Komornik-Lasota 
spectral decomposition theorem for Markov operators [20]. 
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The reverse implication to (1) is not true in general; see [6] for a coun- 
terexample. For sequences of the form f n = P n f (n G N) with H (/) < oo 
and P a Markov operator, the implication 

(2) fn^l 

was proved in [20]. 

Our results in Theorems 27 and 26 generalize both implications (1) and (2) 
to the case of u-entropy. The proof of Theorem 27 rests on the data-reduction 
inequality technique invented by Csiszar. To prove Theorem 26 we derive a 
formula for -u-entropy by convex duality methods, inspired by the work of 
Kramkov and Schachermayer [17, 18]. 

To conclude the introductory part, let us remark that mathematical fi- 
nance has enjoyed unprecedented growth in recent years, not least because 
of considerable input from other disciplines, including physical sciences, in 
general, and thermodynamics, in particular. Here we see it returning the 
favor: The u-entropy introduced above, hinted upon in many recent works 
on expected utility maximization, turns out to play a major role in the sec- 
ond law of thermodynamics, on an equal footing with the classical notion of 
Boltzmann-Gibbs entropy. 

1.1. Notation. The following notational conventions are used throughout 
the paper: 

1. Take oo • = and — oo -0 = 0. 

2. Take R+ = (0,oo). 

3. Take (fi, X, fx) to be a probability space. 

4. Take D(li) to denote the set of all densities on (fi, £,//), 

D{fx) = ju; G L l (n) :w > and J wdfi=l\. 

5. Take f fi to be the probability measure absolutely continuous with respect 
to [i with density / G D(fi), that is, for any A G S, 

(ffi)(A)= I fd/i. 

J A 

6. Take || • || a to denote the norm in L a ((i) for any a G [1, oo], and a pseudonorm 
for any a G (0, 1). 

2. Entropy. In this section we define u-entropy and establish its principal 
properties. In particular, in Theorem 20 we obtain a formula for u-entropy. 
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2.1. Utility functions. We begin by recalling the definitions and prop- 
erties concerned with utility functions and convex analysis that are needed 
throughout this paper. 

Definition 1. Let u:M + — >R. We call u a utility function whenever u 
is strictly concave, strictly increasing, continuously differentiable and such 
that 

u'(0) = lim u'(x) = oo, u (oo) = lim u'(x) = 0. 

x\fi x /'oo 

We also use the notation 

u(0) = \imu(x), u(oo) = lim u(x). 

Proposition 1. The function I = :R + —> R + is strictly decreas- 

ing and satisfies 

1(0) = lim I(x) = oo, /(oo) = lim I{x) = 0. 

x\p x yoo 

Definition 2. Let u : R + —* R be a utility function. The convex dual 
u* : R + -> R is defined by 

(3) u* (y) = sup(u(x) - yx) 

x>a 

for any y £ R + . 

The following basic properties of convex functions and convex duals can 
be found in various books, for example, [16]. 

Proposition 2. Let u:R + ^R be a utility function. Then: 

1. The function u* is strictly convex, strictly decreasing and continuously 
differentiable. 

2. The equalities u* (0) = it(oo), n*(oo) = u(0), (u*)'(0) = — oo and (u*)'(oo) = 
hold. 

3. For any y £ R + , 

(4) u*(y)=u(l(y))-yl(y). 

4. For any x £ R + , 

(5) u(x) = mHu*{y)+xy). 

y>0 



5. For any y £ R + , 



(u*)'(y) = -I(y). 
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Lemma 3. Let u:R + — > R. Then u is concave if and only if there exist 
a n > 0, b n £ R for any n G N such that u(x) = inf {a n x + b n : n G N} /or every 
x>0. 

Example 1. Let 7 e (-00, 1). Define u 7 :R + — >■ R by 
1 _ 



w 7 (x) 




for x GR+ and 7G (-00, 0) U (0,1), 
for x £ R + and 7 = 0. 

We call it 7 the isoelastic utility of order 7 if 7 7^ and the logarithmic utility 
if 7 = 0. 

The following definition of asymptotic elasticity and its properties is due 
to Kramkov and Schachermayer [17]. 

Definition 3. Let u : R + — > R be a utility function. Then we define the 
asymptotic elasticity of it by 

. 1 . , xu'(x) 

AE(u) = hm sup — . 

Note that AE(u 7 ) = 7 for 7 < 1. 

Proposition 4. Lei u:R + -^1 k a utility function. Then 

([0,1], if u(oo) = 00, 

AE(k)£ {0}, i/0<-u(oo) <oo, 

[[—oo,0], z/ — 00 < u(oo) < 0. 

Proposition 5. Let u:M. + — > R 6e a function, let a > and ZeZ 

6 E R. T/ien u = au + 6:R + — > R is a utility function. If u(oo),u(oo) > 0, 
then AE(u) =AE(5). 

Corollary 6. Le£ u : R + — ► R 6e a utility function and let u = au + b 
for a > 0, 6 £ R. TTien AE(tt) < 1 if and only if AE(u) < 1. 

Proposition 7. Lei u : R + -^Rfco uZiZ% function such that u(oo) > 
and AE(u) < 7 < 1. TTien £/iere is an xo > suc/i i/iai < k(Ax) < A 7 it(x) 
/or aZZ A > 1 and x>xq. 

Proof. The following argument slightly simplifies the proof of Kramkov 
and Schachermayer [17]: From the definition of asymptotic elasticity, it fol- 
lows that there exists xq > such that < "yu(x) — xu'(x) for any x > xq. For 
such an x we define a function G x : [1, 00) — ► R by G x (\) = A 7 tt(x) — u(Xx) for 
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A > 1. Then G x (l) = and G' x (l) = ju(x) - xu'(x) > 0. Moreover, G' X (X) = 
7 A^- 1 u(x) - xu'(Xx) = l(G x (\) + u(Xx) - ^xu'(Xx)) > %G X (X) for A > 1. 
Using the theory of differential inequalities, we can deduce that G X (X) > 
for all A > 1, which completes the proof. □ 

2.2. Definition and basic properties of u-entropy. Throughout the rest of 
this paper u : M + — > M. denotes a utility function in the sense of Definition 1 . 

Definition 4. For any / e D(fi) we put 



Note that J n u(w)f dfi E (— oo, oo] for each w S A(f). Now we define 



and call it the utility maximizing entropy or u-entropy of /. 

Proposition 8. The following inequalities hold for any f G D((i): 



Proof. Taking w = 1 6 A(f), we obtain the lower bound. The upper 
bound follows immediately from the definition. □ 

Proposition 9. For any f G D(fi), the following conditions are equiv- 
alent: 



In particular, all three conditions are satisfied for any utility function u such 
that u(oo) < oo. 

Proof. The implications 1 => 3 2 are obvious, as is 2 1 when n(oo) = oo. 

Let us prove 2 1 when u(oo) < oo. In this case, take an n G N such 
that fJ-(A) < - =^> (f[i)(A) < \ for each measurable set A. Such an n exists 
because f \i is absolutely continuous with respect to \x. Let w £ A(f). Then 




where 



A(f)={w£D(v):u(w)- eL^ffi)}. 



H u (f)=^u- 1 (N u (f)) 



u(l)<N u (f)<u(oo), 
< H u (f) < oo. 



1. iV u (/)<n(oo); 

2. N u (f) < oo; 

3. H u (f) <oo. 
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n{w > n} < ^ because j^wdfi = 1. It follows that {f^){w > n} < As 
result, 



u(w)fd[i= / u(w)fd/j,+ / u(w)fd[i 

f2 J{w<n} J {w>n} 

< u(n)(l — (ffi){w > n}) + u(oo)(fn){w > n} 
= u(n) + (u(oo) — u(n))(f fi){w > n} 
, . u(oo) — u(n) u(oo)+u(n) 



. , „ , u(oo) + u(n) , . 
N u (f)= sup / u(w)fdfi< V - ' K ' <m(oo), 



Hence 



«>64(/) 

as required. This also shows that all three conditions must be satisfied when- 
ever u(oo) < oo, completing the proof. □ 

Proposition 10. For any f E D(fi), the following conditions are equiv- 
alent: 

1. H u (f) = 0; 

2. f = l (fi-a.e.). 

Proof. 2 1. Let / = 1 fi-a.e. Take any w E *4(/)- By Jensen's inequal- 
ity, jQu(w)dfi < u(J n wd^) = u(l). Hence N u (f) = u(l) and H u (f) = by 
Proposition 8. 

1 2. Suppose that /^{/ = 1} < 1 and take A = {/ > 1}. Since / is a 
density under /i, it follows that < n(A) < 1. Moreover, (ffi)(A) > n(A). 
For any a E (0, 1) we put 

Wa = lk) tA + lW) tA ^ A{fl 

<p{a) = J a u(w a )fd^ = u (-^ (f»)(A) + «(^) C/»(^)- 
Clearly, = 1 and = u(l). Moreover, 

V (A*(A))=«(1) /i( ^ H ^ ) >0. 

As a result, there is an a E (0, 1) such that <p(a) > <p(fi(A)). Because N u (f) > 
<p(a) for any a E (0, 1), it follows that N u (f) > u(l) and H u (f) > 0. □ 



UTILITY MAXIMIZING ENTROPY 



9 



Proposition 11. Let a > and let b G E. If u:M. + — > E is a tttiAiiy 
function, then au + b is also a utility function, and for any f G D(fi), 

N au+b (f)=aN u (f)+b, 

H aU +b{f) = H u (f). 

These properties follow immediately from the definition. 

Remark 1. Using Proposition 11, in many arguments we can assume 
without loss of generality that u(l) = 0. 

Proposition 12. Let f G D{n). We define 

Ab(f) = {w£ D(fi) : u(w)~ G L l (f fi),w is bounded}, 
Ao(f) = {w G D(fi) : u{w)~ G L l {f^),wfi < />}, 
•^ofe(Z) = { w £ -^(A 4 ) : G L 1 (ffj,),w is bounded, w/j, <C /a*}- 

T/ien 



N u (f)= sup / u(w)fd/i= sup / u(w)fdn 



= sup / u(w)fd/jL. 
weAob(f) 

PROOF. Put A=A(/), = sup w6-4 . J n u(w)fdfi for i = 6, 0,06, N = 
N u (f) and .4 = A(f). Clearly, A ob C A C A and A ob C A b C A. Hence 
-^06 < -Wo < -W and iVo& <N b <N. We can assume without loss of generality 
that u(l) = 0. 

We show that N < N b . Let w G A. Define w n = wl{ w<n y + a n lr w > n \, 
for n = 1, 2, . . . , where a n = (j,{w > n} _1 J^ w>n y wdfi>n. Then J Q w n dfj,= 1 
and u> n — > io as n — > oo . Clearly, < w n < a n , so w n is bounded. Moreover, 
{u)n < 1} = {w< 1}. Hence u{w n )~ = u(w)~ G Thus u> n G *4& for ev- 

ery n G N. Applying the Fatou lemma, we obtain J n u(w)f d\i < lim inf n ^oo J n u(w n )f dfi < 
N b . Consequently, N < N b . 

Next, we show that N b < No b . Let w G A b . If f^ >0 ywdfi > 0, then we 
take 

l{ f> oyw 

w — 



f {f>0} wdn' 



Clearly, w G D(/i) is bounded and w/j, <C //i. Since w < w on {/ > 0}, it 
follows that J n u(w)~fdn = f^ >0 yu(w)~fdf.L> f^ >0 yu(w)~fdfi>0, so 
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u(w) G L l (///). As a result, w G Aob- Observe that J Q u(w)f dfi = frj: >0 yu(w)f dfj, < 
Jj/>0} u(w)f dfj, < Nqi,. If, on the other hand, /{j>o} wdfi = 0, then we take 

M/>0}' 

which clearly also belongs to A^b- Moreover, Jqu(io)/ djJL = u(0) < u(l) < 
f^u{w)f d\x < A^ofe because w = and -u) > 1 on {/ > 0} (fi-a.e.). As a con- 
sequence, Nb < N b. □ 

Proposition 13. Let fi, f 2 G D(p) and let a G [0, 1]. Then 
N u {ah + (1 - a)h) < aN u (h) + (1 - a)iV w (/ 2 ). 

Proof. Put / = a/i + (1 — a)/2. First observe that f n u~(w)f dfi = 
aJ n u~(w)fidfi + (l-a)J n u-(w)f 2 dfj, for any w G £>0), so A(f) = A(fi) n 
.4(/ 2 ). Hence 

N u (f)= sup / u(w)(af 1 + (l-a)f 2 )dfj, 

<a sup / u(w)fi dfi + (1 — a) sup / u{w)f 2 dfi 
weA{f)Jn weA{f)Jn 

<a sup / u{w)f\ dfj, + (1 — a) sup / u(w)f 2 dfi 
= aN u (f 1 ) + (l-a)N u (f 2 ), 

as desired. □ 



Remark 2. The (Arrow-Pratt) index of relative risk aversion is defined 
in mathematical finance as 

RA u (x) = -^^>0 foriGl+. 
u (x) 

For a twice differentiable utility function u, it is clear that lnu -1 is convex 
if and only if RA n (x) > 1 for all x G (0, +oo). Hence from Proposition 13, 
we can easily deduce that if RA U > 1, then the function H u is convex. In 
particular, this is true for the isoelastic utility ii 7 of order 7 < (RA„ 7 = 
1 — 7) and for the logarithmic utility no (RA„ = 1). 

2.3. Formula for u- entropy. Some results in this section can be deduced 
from [17]. They are presented here with complete proofs to make the present 
paper self-contained. 
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Notation 1. Let A > and let / G D{(j). We put it* (A//)/ = on 
{/ = 0}, which is consistent with the limit \xm x ^Qii*(A/x)x = 0. 

Proposition 14. For any f g £>(/i) and A > 0, 

N u (f)< / u*(A//)/d/i + A. 

Proof. Let to G Then u(w) < u*(A/f) + (A//)u> on {/ > 0} be- 

cause of (5). Multiplying by / and integrating over {/ > 0} with respect to //, 
we get Jftu(w)f dfj, < J n u*(A/ f)f d/j, + A. Then we take the supremum of the 
left-hand side over all w G Ao{f) and apply Proposition 12 to obtain the as- 
sertion. 

□ 

Proposition 15. Let f G L°° (//) . Then 

^„(/)<ln||/|U. 

PROOF. Put K = \\f\\oo- Let A > 0. Applying Proposition 14, we get 

N u {f)< I u*(A/f)fdfi + A<u*(A/K) + A. 
Jn 

The last inequality holds because u* is a decreasing function. Taking the 
infimum of the right-hand side over all A > 0, we find that N u (f) < u(K) 
by (5). This implies that H u (f) < In K. □ 

Notation 2. In this section we assume that an / £ D(n) and a utility 
function u : M + — > M. are given. We define for any x > 0, 

N u (f;x) = sup / u{xw)fdn, 

where 

A(f; x) = {w G D( M ) : «(™)" G ^(//x)}. 

Clearly, 

NM = N U (J;1) and ^l(/) = ^(/;l). 

In the sequel we often write A^(x) for N u (f; x) and .A(x) for *4(/; x) if it and 
/ are unambiguous. 

Proposition 16. Let f G D(/j,) anrf ^ H u (f) < oo. TTien: 

1. The function N : M + — > R zs concave and increasing. 

2. There exists a y > sitc/i i/tai sup a , >0 (A^(x) — yx) < oo. 
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3. // AE(tt) < 1, then sup x>0 (N(x) — yx) < oo for every y > 0. 

Proof. 1. First we show that ./V is increasing. Let < x\ < X2- Since u 
is decreasing, j Q u{x2w)~ f dfi < f n u(xiw)~ f dfi. Therefore, A(x\) C A(x2) 
Hence we deduce that 



N(xi)= sup / u(x\w) f dfi 
< sup / u(x2w)fdfi 



< sup / u(x2iv) f dfi = N (X2) ■ 

Next we prove that N is concave. Let p S (0,1), x±,X2 > 0. Put x = px\ + 
(1 — p)x2- We first observe that w\ S A(x\) and W2 S A{x2) implies w = 
x~ l {px\Wi + (1 — p)x2W2) £ A(x), since by the convexity of u~ , 

u{xw)~fdjJL= / u(px\Wi + (1 — p)x2W2)~ f dfi 



< / (pu(xiwi) + (1 - p)u(x2W2) )/ dfi <oo. 
Jn 

From this we conclude that 
pN(xi) + (l-p)N(x 2 ) 

= p sup / u(xiW\)f dfx + (1 — p) sup / u{x2W2)fdfi 



sup / (pu(xiwi) + (1 - p)u(x2W2))f dfi 
w 1 eA(x 1 )Jn 



< sup / u(pxiw\ + (1 — p)x2W2)fdfi 

mi pa(xi i J n 



< sup / u(xw)f d/i = N(x). 
weA(x)Jtt 

The last inequality holds because x~ l {jpx\W\ + (1 — p)x2W2) G ^4(x). Finally, 
we show that — oo < N(x) < oo for any x > 0. Taking u> = 1, we can see that 
N(x) > u(x) > — oo for any x > 0. Since ./V is increasing and N(l) = N u (f) < 
oo by Proposition 9, we get N(x) < oo for any x < 1. On the other hand, 
for any x > 1 we take p £ (0, 1) such that px + (1 — p)x = 1 and deduce 
from the concavity of N that N(x) < p~ 1 (N(l) — (l—p)N(x~ 1 )) < oo, which 
completes the proof. 
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2. Since N is concave, it follows from Lemma 3 that there exist an 
a > and a b £ K with the property N(x) < ax + b for all x > 0. Thus 
sup x>0 (N(x) — ax) < b < oo. 

3. First consider the case u(oo) > 0. Let 7 = AE(u) < 1. By Proposition 7 
there is an xq > such that < u(Ax) < A 7 u(x) for all A > 1 and x > Xq. 
Then for any A > 1 and x > 0, 



iV(Ax) = sup / u(Xxw)fdfj, 
weA(Xx) JO. 



< sup / u(X(xw + xo))f dfi 
weA{\x) Jo 

< A 7 sup / u(xw + xo)fdfi 

wgaixx) Jo 



< A 7 sup / u((x + xq)v )f d\x = X y N(x + xo). 
v&A(x+xo) Jo 

The last inequality holds because < u(xq) < u(xw + xq) for any w G A(Xx) 
and consequently (iw + xq)/(x + xo) G »4(x + xo) • 
From the above, for any x > 0, 

(6) JVfx) < iV(x + x ) < ( ^±^.\ 7 AT(2x ) < ax 7 + 6, 

V x J 

where 



a = x 7 A r (2xo) > Xq 1 J u(2xo)f dfi = x 7 n(2xo) > 0, 
6 = iV(2x ). 



o 



Now let y > 0. From (6) we deduce that there is a c > such that N(x) < 
ax 7 + b < |yx + c for all x > 0. This means that sup a;>0 (A r (x) — yx) < 
sup a;>0 (— \xy + c) = c < 00, as required. 

We now turn to the case u{oo) < 0. Let u = u — u(oo) + 1. Then, according 
to Corollary 6, u is a utility function and AE(u) < 1. Moreover, u(oo) > 
and N u — u(oo) + 1 = A^~. Hence the proof of the assertion reduces to the first 
case. 

□ 

Lemma 17. Let f e D(fi) and let A > 0. Then 
(7) f u*(A/f)fdfi<snp(N(x)-Ax). 

JO x>0 



14 



W. SLOMCZYNSKI AND T. ZASTAWNIAK 



Proof. We put 

u n(v) = SU P (u(x)-yx) 

n>x>0 

for any n = 1,2, . . . and y > 0. Then u* n (y) = u(l n {y))-yl n (y), where I n {y) = 
min{/(y), n}. Moreover, u(l) — y< u* n (y)- Putting y = A/ /, multiplying by / 
and integrating over fi, we obtain 

u(l)-A< / <(A//)/d/i 
Jn 

(8) = / («(/„(A//)) - (A//)I n (A//))/^ 

= / u(x n w n )fdfi-x n A 
Jn 

for any A > 0, where we put J n (A//) = on {/ = 0} and where < x n = 
J^I n (A/ f)d/j, < n < oo and w; n = x~ l I n (A/ /). Observe that w n G ^4(x n ), 
since Jq u{x n w n )~ f d/j, < A — x n A — u(l) + n(n) + < cxo by (8). As a result, 

/ <(A//)/d/i<sup(iV(z)-Ax). 

JQ x>0 

Because u(l)f — A < u*(A//)/ u*(A/f)f pointwise on {/ > 0} as n — > oo, 
by monotone convergence we obtain (7). □ 

Proposition 18. Assume that f £ D{ji) and H u (f) < oo. Then: 

1. For every A > 0, 

-oo<u*(A)< / u*(A/f)fdfi. 
Jn 

2. There exists a Aq > stzc/i t/iai /or each A > Aq, 

f u*(A//)/d M <oo. 

3. 1/ AE(w) < 1, then for each A > 

/ u*(A//)/^<oo. 
Jn 

Proof. 1. Let A > 0. Then, applying (3) for y = A/f, we get u(x)f - 
Ax < u*(A/ f)f on the set {/ > 0} for each x > 0. Hence, integrating with 
respect to fj,, taking the supremum over all x > and applying (3) once 
again, we obtain it* (A) < JqU*(A/ f)f dfx, as desired. 

2. It is enough to prove that JqU*(Aq/ f)f dfi < oo for some Ao > 0, be- 
cause for A > Ao, we have JqU* (A/ /)/ d/j, < JqU* (Ao/ '/)/ dfj, < oo, since 
u* is nonincreasing. Now, the assertion follows from Proposition 16.2 and 
Lemma 17. 

3. This follows from Proposition 16.3 and Lemma 17. □ 
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Proposition 19. Let f G D{ji). Then the following conditions are equiv- 
alent: 

1. The inequality H u (f) < oo holds. 

2. There exists a Aq > such that 

[ n*(A //)/^<oo. 
Jn 

3. There exists a Aq > such that for each A > Aq 

f u*(A//)/d/i<oo. 
Jn 

Proof. The implication 1 3 follows from Proposition 18.2, 3 =>■ 2 is 
obvious and 2 =>• 1 follows from Propositions 9 and 14. □ 

Notation 3. Let A > and let / G D{fi). We put I(A/f) = on {/ = 
0}. 

Theorem 20. Let f G Assnme i/icrf AE(n) < 1 and H u (f) < oo. 

Then: 

1. We /iaue J Q /(A//) du G R+ /or all A > 0. 

2. There exists a unique Af > snc/i i/ioi 

(9) J^I(A f /f)dfi = l. 

3. We /ia«e /(A///) G 

4. T/ie following formulae hold: 

(10) #«(/)= / u(L(A f /f))fdfj,= [ u*(A f /f)fdn + A f , 

(11) H u (f) = Inn" 1 Qf u(I(A f /f))fdfj\ . 

PROOF. 1. Since u* is convex, J(A//)(A - A) = -(n*)'(A//)(A - A) < 
(u*(A/f) - u*(A/f))f on {/ > 0} for any A > A > 0. It follows that 

(A -A) / /(A//)dn< / J(A//)(A//-A//)/d/x 

< / (n*(A//)-n*(A//))/d/x<oo, 

because —oo < n*(A//)/d/i and JqU*(A/ f)f dfj, < oo by Proposition 18.1 
and 18.3. As a result, JqI(A/ f) dfi < oo. Moreover, since < L(A/f) on 
{/ > 0}, it follows that < J n L(A/f) du, as desired. 
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2. Statement 1 above means that j n /(A//) d\x as a function of A G (0, oo) 
has values in (0,oo). It is a strictly decreasing function because I is. It is 
continuous with limit as A /* oo and oo as A \ by monotone convergence, 
because / has the same properties. As a result, there is a unique Af > such 
that/ n /(A / //)dM = l. 

3. Clearly, I(Af /f) > 0, so it is a density by statement 2 above. Moreover, 
I(Af/f) = on {/ = 0} by the notational convention adopted (Notation 3). 

4. Proposition 2 yields u(x) — yx< u*(y) = u(I(y)) — yl(y) for all x, y > 0. 
This implies that 

u(w) - (A f /f)w < u(I(A f /f)) - (A / //)/(A / //) = u*(A f /f) 

on {/ > 0} for any w G Ao(f). Integrating with respect to ffi, we get 

/ u(w)fd f i< { u(/(A///))/d/x= / n*(A f /f)fdfi + A f 
Jn Jn Jn 

for any w G Ao(f). Taking the supremum of the left-hand side over all such 
w's and applying Proposition 12, we obtain (10) because I(Aj/f) G Ao(f). 
Finally, (11) follows immediately from (10). □ 

Remark 3. To use (11) to compute the u-entropy H u (f), we need to 
know the constant Aj defined implicitly by (9). Although the constant is 
determined uniquely by (9), it may not be possible to find a closed- form 
expression for it, except in some particular, though important, cases such as 
the logarithmic or isoelastic utility (see below). In general, the fact that Af 
is only defined implicitly is a limitation in using formula (11) for H u (f). 

Remark 4. Adopting the methods of Kramkov and Schachermayer ([17], 
Section 5), it is possible to show that AE(ti) < 1 is a minimal assumption 
on the utility function u for the validity of Theorem 20. If AE(u) = 1, then 
the supremum 

N u (f) = sup / u(w)fdfi 
weA(f)Jn 

may fail to be attained at any w G A(f), invalidating the assertions of The- 
orem 20. According to Proposition 18.3, the condition AE(n) < 1 implies 
that 

(12) [ u*(A/f)fd(J,<oo forallA>0. 

Jn 

By a similar argument as in [18], it can be demonstrated that (12) is in fact 
a necessary and sufficient condition for the assertions of Theorem 20 to hold. 
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2.4. Examples. 

Example 2 (Logarithmic utility). Let u:R + — > M be given by u(x) = 
Inx for x G M + . Then H u is equal to the Boltzmann-Shannon conditional 
entropy H\ given by 

H 1 (f)= [ /ln/d/x 

for feD(fi). 

EXAMPLE 3 (Isoelastic utility). Let u:R + -^1 be given by u(x) = ^x 7 
for 7 G (— oo, 0) U (0, 1) and x G M + . Then PT U is equal to the Renyi entropy 
H a of order a = (1 - 7)- 1 G (0, 1) U (1 , 00) given by 

H a {f) = -^—\nf r^ = ^-ln||/|| Q 
a — 1 Jn a — 1 

for any f £ D(jm) D L a (p). 

3. Markov operators. Here we collect the definitions and properties that 
involve Markov operators. They can be found, for example, in [20]. 

Definition 5. Let P:D(/i) — > D(fi). We say that P is a Markov (or 
stochastic) operator on densities if 

(13) P(A/i + (1 - A)/ 2 ) = AP(A) + (1 - A)P(/ 2 ) 

for all fx, f 2 G and A G [0, 1]. 

Remark 5. A Markov operator P on -D(/i) can be uniquely extended 
to an operator P:L 1 ( / u) — > L 1 (/u) such that: 

1. P is linear; 

2. P/ > for every < / G L 1 (//) ; 

3. HP/lli = 11/11! for every 0</GL^). 

The extended operator satisfies the condition: 

4. ||P/||i < ||/||i for every / G L 1 ^) [i.e., P is a contraction on L 1 (//)]. 

We call P a Markov operator in L (jjl) or simply a Markov operator. For 
simplicity we use the same letter P for a Markov operator on D(n) and for 
its extension to L 1 (/i). 

Proposition 21. Let P:L 1 (/u) — ► L^/i) &e a Markov operator. Then 
there exists a unique operator P* :L°°(n) — > L°°(^i) such that: 
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1. P* is linear; 

2. P*l = l; 

3. P*g > for every < g G 

4. ||P*g||oo < llfliloo /« r ever?/ g G L°°{p) [i.e., P* is a contraction on L°° (//)]; 

5. /or a// / G L 1 ^) and g G L°°(fi), 



We call P* the adjoint operator to P. 

Proposition 22 (Jensen inequality). Let P : L x (n) — > 6e a Markov 

operator, let u:M. + — > M. be a concave function and suppose that g,u(g) G 
L°°(ji). Then 



Proof. The idea of this proof is from [21]. Let g G L°°(/i). According 
to Lemma 3, we can find an a n > and a b n G M for any n G N such that 
u(x) = inf{a n x + b n : n G N}. By Proposition 21, 



as desired. □ 

Definition 6. Let P:L 1 (/i) — >■ be a Markov operator and let 

/ G D(fi). We say that P is doubly stochastic if PI = 1, that is, 1 is a 
stationary density for P. Note that P is doubly stochastic if and only if 
||P*5l|l = ll<7||l for all g G L°°(/i), g >0. 

Definition 7. Let P:L 1 (fi) — > L 1 ( / u) be a doubly stochastic operator. 

We say that P is exact (asymptotically stable) if P n / — ► 1 as n — > oo for 
every /£%). 

4. Evolution of entropy. 

4.1. H-theorem. 

Theorem 23. Let P : L 1 (/u) — ► L 1 ^) be a doubly stochastic operator and 
let f£D(n). Then 



(14) 




P*(u(g))<u(P*g). 



P*(u(g)) = P*(mi{a n g + 6 n : n G N}) 
<inf{P*(a n o + 6 n ):nGN} 
= inf{a n P*g + &n : n G N} = u(P*g) 



H u (Pf)<H u (f). 
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Proof. If H u (f) = oo, then the assertion is obvious. Assume that H u (f) < oo. 
Take w G Aob(Pf)- Define w n = w V (1/n) and x n = J n w n dfi for n = 1, 
2, . . . . Then u; n and u(w n ) are bounded, 1 < x n < 1 + 1/n and < x~ w n G 
D(fi). Furthermore, ui n \ w , u(w n ) \ u(w) and x n \ 1 as n — > oo. More- 
over, f n u(w n )~ Pf dfi < f n u(w)~ Pf <i/i < oo for n G N. Hence, applying the 
monotone convergence theorem, formula (14) and Proposition 22, we get 

/ u(w)Pfdfi= lim / u(w n )Pfdfi 
Jn n ^°°Jn 

= lim / P*(u(w n ))fdfi 

(15) 

< lim / u(P*w n )f du 
n ^°°Jn 

= lim / u(x n P*(x~ l w n ))f dfi. 
n ^°°Jn 

For any n G N, we have 

(16) / P*(x~ 1 w n ) d[i = x" 1 / w n PI dfi = x~ l I w n dfi=l. 

Jn J Jn 

Using Proposition 22 and (14) once again (for the concave function — u~), 
we get 



u{x n P*{x n 1 w n )) fdfi = / u(P*(w n )) fdfi 

Jn 

< [ P*{u{w n )-)fdn 



(17) 

u(w n )~Pfdfi 



< / u(w) Pfdfi < oo. 
Jn 



From (16) and (17) we deduce that P*(x n w n ) G A(x n ) (see Notation 2). 
From this and (15), it follows that 

/ u(w)Pf dfi < lim / u(x n P*(x~ 1 w n ))f d^i 
Jn n ^°°Jn 

< lim N(x n ). 

n— >oo 

According to Proposition 16.1, N is concave and hence continuous, so it 
follows that lim n ,_ +00 N(x n ) = N(l). Thus 

u(w)Pfd,i<N{l) = N u {f). 
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Taking the supremum over all w G Aob(Pf), we get N u (Pf) < N u (f). The 
assertion of the theorem follows because In on -1 is an increasing function. 
□ 

Remark 6. Let P : — ► L l ([i) be a doubly stochastic operator and 
let / G D(fi) be such that H u (f) < oo. As a consequence of Theorem 23, 
the sequence H u (P n f), n = 1, 2, . . . , is nonincreasing. If P is invertible, then 
H u (P n f), n = 1, 2, . . . , is a constant sequence. 

4.2. Inequalities. 

Lemma 24. Suppose that f G D(^) and io € «4ob(/)- T/ien 
u(w)fdfi < u'ClJIItellooll/ - 1 1| i + «(!)■ 



Proof. Let / G and let io G Aob(f)- By the concavity of u we have 
-u(x) < (x — l)u'(l) + «(1) for any x > 0. Hence 



u(w)fd/i<u , (l) / (w;-l)/dju + u(l) 

= «'(!) / (/ -l)t0dA* + «(l)<u'(l)Moo ||/ -l||i +«(!), 



as required. □ 

Proposition 25. Let u : R + — > R 6e a utility function such that AE(u) < 
1 and let f eD{fi)nL°°(fi). Put K =\\f\\ OCJ >l. Then for each < C < 1 , 

#«(/) < u'(l)l(u'(^£) g ||/ - I))! + n(l). 
PROOF. Since 

1=/ /<fc+/ /d/i<ir/x{/>C} + C(l-/x{/>C}), 
J{f>c} J{f<c} 

it follows that //{/ > C} > jf_c - Let us take Ay as in Theorem 20. Then 



1= / d/i >j -f M {/>C}>! 



/n v/y vcy l J " \CJK-C 

Consequently, Ay > u'(^^-)C and so 



fj~ \ \1-Cjfj- V \1-CJKJ' 
Now, using Theorem 20 and Lemma 24, we have /(A///) G ^4o&(/) an d 

2V U (/) = /^( J (y))/^ ^ n ' (1)/ ( n '(f^) §) 117 " 11,1 + 

as required. □ 
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4.3. Main theorems. Throughout this section we assume that u : R + -> 
K is a utility function and that — ► L 1 ^) is a doubly stochastic 
operator. 

Theorem 26. Lei us assume that AE(u) < 1. Let f G 6e such that 

H u (f) < oo- Then 

P n f^l asn^oo H u (P n f)\0 as n — > oo. 

Proof. Step 1. First observe that the condition H u (P n f) — > as n — > oo 
is equivalent to N u (P n f) — > u(l) as n — > oo. Moreover, according to Theo- 
rem 23, the sequence N u (P n f) is nonincreasing. 

Step 2. Let / £ D([i) nL°°(/x). Then the assertion follows immediately 
from Proposition 25 and the fact that u(l) < N u (f). 

Step 3. Now we assume that / E D(fJ>) \ L°°([i). Then we can define two 
densities f c = {f/a c )t {f<c} and f c = (f/a c )t {f > c} for any c > (//{/ > 0})" 1 , 
where o c = fif <c \ f d/j, > and a c = /{/> c } f d/j, > 0. Clearly, a c + a c = 1, 

/ = Oc/c + a c J c and P n f = a c P n f c + a c P n f c for every n = 1,2, Moreover, 

/ c G -D(/i) n According to Proposition 18.3, J n u*(y/ /)/ d/i < oo for 

each y > 0. Let A > 0. Then J Q u* (A/ f c )f c dfi = (l/a c ) f {f > c} u*(Aa c /f)fdn < oo. 
Applying Proposition 19, we deduce that H u {f c ) < oo. According to Propo- 
sition 13, 

(18) N u (P n f) < a c N u (P n f c ) + a c N u (P n f c ) 

for each n G N. To estimate the second term, observe that by Theorems 23 
and 20 there is a w c G ^lo(/ c ) such that 

a c N u {P n f c ) <a c N u (f) = « c / u(«; c )/ c ^ = / u{w c )fd^. 

Jn J{f>c\ 

Let e > 0. Since u(w c ) < u*{fj) + on {/ > c} by (3), 

(19) a c N u (P n f)<f u *(±)fd»+ £ -. 

As J n u*(jj)f dfi < oo by Proposition 18.3, there is a c> > 0})- 1 such 
that 

(20) / u*(^-)fd»< £ -. 

J{f>c} \3/y 3 

It follows from Step 2 that the first term on the right-hand side of (18) tends 
to a c u{\). We can therefore take an A G N such that for each n> N, 



(21) 



a c N u (P n f c )<u(l)+e/3. 
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Inequalities (18)-(21) and Proposition 8 lead to 

u(l)<N u (P n f)<u(l) + e 
for each n > N, which completes the proof. □ 

Theorem 27. Let f e D(fi). Then 

H u (P n f)^0 asn^oo => P n f ^ 1 as n — ► oo. 

Proof. By Proposition 11 the theorem is a straightforward consequence 
of the lemma below. □ 

Lemma 28. Let u(l) = and f n e D{n) for n = 1, 2, Then 

N u (fn) as n > oo => f n — ► 1 asn^cxi. 

Proof. Clearly, we can assume that none of the / n 's is identically (/i- 
a.e.) equal to 1. We define A n = {f n > 1} and S n = {0, A n , f2}. Put 
< q n = /^(^n) < 1 and p n = f A f n d/j, for n = 1, 2, Then 

^(/n|S„) = ^„ + i^l < . 

Hence 

(22) iV u (£7 A4 (/ n |S n ))=JV(p n , gB ), 
where 

N (p,q) = sup{u(w 1 )p + u(w 2 )(l -p):wiq + w 2 (l — q) = l,Wi,w 2 > 0} 

for < q < p < 1. Because L l ([i) 3 g t— > E fl (g\T ln ) G L l {n) is a doubly stochas- 
tic operator, we can apply Theorem 23 to get 

(23) iV u (/„)>JV w (^(/ n |E„)). 

From (22) and (23) it follows that N(p n , q n ) — ► as n — > oo. 
Moreover, it is easy to check that 

||/n - l||l = \\E^{fn\^n) ~ l||l = ^\Pn ~ q n \- 

Suppose, contrary to our claim, that \\f n — \ \\\ -/» as n — > oo. This would 
mean that \p n — q n \ as n —> oo. Therefore, by passing to a subsequence 
if necessary, we can assume that (p n ,qn) — ► (p, <z) such that p ^ q. Then 
-^(P) > an d hence there exist wi,w 2 > such that + ^(l — q) = 1 
and (5 = u{w\)p + 14(102) (1 — p) > 0. Let us consider two cases. 

Case 1. u{w\),u(w 2 ) 7^ —00. Then < z n = w\q n + u>2(l — q n ) -> 1 as n -> 
00. Put = w\jz n and w 2 = w 2 /z n for n = 1, 2, We have Wiq n + w 2 (1 — 
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q n ) = 1. Hence N(p n ,q n ) > u{wi)p n + ^(u^Xl — p n ) -^<J>0asn->oo, a 
contradiction. 

Case 2. u(wi) = — oo or u{w2) = — oo. We can assume that u(wi) = — oo, 
since the other case is similar. Then w\ = 0, u>2 = j^j > 1> p = and q < 1. 

Put tt?" = and = (1 — Wiq n )/{1 — q n ) for n = 1, 2, Then 

Wiq n + ^2(1 — q n ) = 1, to" — > and w;^ - ► xtr^ as n — > 00. Hence N(p n , q n ) > 
u{wi)p n + ii(w n )(1 — p n ) — ► u( jz^) = S > as n — > oo, a contradiction. □ 

Theorem 29. Suppose that AE(u) < 1. T/ien £/ie following conditions 
are equivalent: 

1. P is exact; 

2. H u (P n f) ^0 as n^oo for all f e L°°(fi) n 

3. H u (P n f) -> as oo for all f e D(p) such that H u (f) < oo. 

Proof. 1 =>• 3. The assertion follows from Theorem 26. 
3 =>• 2. Obvious. 

2 =► 1. By Theorem 27, P n / £ 1 as n -> oo for all / G L°°(p) n £>(>)• 
Now let / G be an arbitrary density. Take any e > 0. There exists 

a c> such that I{f> c }fdfi < e/4. Let / c = (/ {/<c} /^) _1 1{/< C }/- Then 
/ c G L°°( / u) n £>(/i), and so we can find iV G N such that ||P n / c - l||i < e/2 
for every n> N. Finally, we get 

IIP™/ " l||l < \\P n f ~ P n fc\\l + \\P U fc - 1 1| 1 

<||/-/c||i + e/2 = 2/ fdfj, + e/2<e, 

Jf>c 

which completes the proof. □ 

COROLLARY 30. Let a G (0, 1) U (1, +oo). The following conditions are 
equivalent: 

1. P is exact; 

2. \\P n f\\ a -»■ 1 as oo for all f e L°°( / u) n £>(//); 

3. ||P n /|| Q -»■ 1 os ?i — ► oo /or a// / G L a (/t) n £>(/i). 

Proof. This follows because H a (f) = In see Example 3. □ 

Remark 7. The implication 3 => 1 in Corollary 30 follows from a result 
proved by Loskot and Rudnicki [21], already mentioned in the Introduction. 
The reverse implication 1 3 for < a < 1 is an easy exercise involving 
integral inequalities. 
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4.4. Continuous time. 

Definition 8. We call a family of operators {Pt}t>o a doubly stochastic 
semigroup if: 

1. Pt : L 1 ^) — > L l {p) is a doubly stochastic operator for each t > 0; 

2. P t oP s = P t+s for any i,s>0; 

3. P = ld n . 

We say that {Pt}t>o is asymptotically stable if P*/ —* \ as f — > oo for every 
/£%)• 

Theorem 31. Suppose that AE(it) < 1. Then the following conditions 
are equivalent: 

1. {Pt}t>o is asymptotically stable; 

2. H u (P t f) — ► as i — > oo /or eac/i / G -D(m) suc/i i/iai H u (f) < oo. 

Proof. 1 =^ 2. Let / G According to Theorem 23, the function 

[0, oo) 3 t — > H u (P t f) G K is decreasing. Moreover, it follows from Theo- 
rem 29 that H u {P n f) — > as n — > oo. These two statements imply the as- 
sertion. 

2 =>• 1. The assertion follows from Proposition 11 and Lemma 28. □ 

REFERENCES 

[1] Amendinger, J., Imkeller, P. and Schweizer, M. (1998). Additional logarithmic 

utility of an insider. Stochastic Process. Appl. 75 263-286. MR1632213 
[2] Bellini, F. and Frittelli, M. (2000). On the existence of minimax martingale 

measures. Math. Finance 12 12-21. MR1883783 
[3] Bismut, J.-M. (1973). Conjugate convex functions in optimal stochastic control. J. 

Math. Anal. Appl. 44 384-404. MR329726 
[4] Brzezniak, Z. and Szafirski, B. (1991). Asymptotic behaviour of L 1 norm of 

solutions to parabolic equations. Bull. Polish Acad. Sci. Math. 39 259-276. 

MR1194701 

[5] Csiszar, I. (1967). Information-type measures of difference of probability distribu- 
tions and indirect observations. Studia Sci. Math. Hungar. 2 299-318. MR219345 

[6] Csiszar, I. (1967). On topology properties of /-divergences. Studia Sci. Math. Hun- 
gar. 2 329-339. MR219346 

[7] Cvitanic, J., Schachermayer, W. and Wang, H. (2001). Utility maximization in 
incomplete markets with random endowment. Finance Stochastics 5 259-272. 
MR1841719 

[8] Delbaen, F., Grandits, P., Rheinlander, T., Samperi, D., Schweizer, M. 

and Stricker, C. (2002). Exponential hedging and entropic penalties. Math. 
Finance 12 99-123. MR1891730 

[9] Frittelli, M. (2000). Introduction to a theory of value coherent with the no- 
arbitrage principle. Finance Stochastics 4 275-297. MR1779580 



UTILITY MAXIMIZING ENTROPY 



25 



[10] Frittelli, M. (2000). The minimal entropy martingale measure and the valuation 
problem in incomplete markets. Math. Finance 10 39-52. MR1743972 

[11] Gao, Y., Lim, K. G. and Ng, K. H. (2001). Information differential geometry of 
incomplete markets. Preprint, RPS 01-35, Centre for Financial Engineering, Na- 
tional Univ. Singapore. 

[12] Goll, T. and Ruschendorf, L. (2001). Minimax and minimal distance martingale 
measures and their relationship to portfolio optimization. Finance Stochastics 5 
557-581. MR1862002 

[13] He, H. and Pearson, N. D. (1991). Consumption and portfolio policies with in- 
complete markets and short-sale constraints: The finite-dimenisonal case. Math. 
Finance 1 1-10. 

[14] He, H. and Pearson, N. D. (1991). Consumption and portfolio policies with 

incomplete markets and short-sale constraints: The infinite- dimenisonal case. 

J. Econom. Theory 54 259-304. MR1122311 
[15] Karatzas, I., Lehoczky, J. P., Shreve, S. E. and Xu, G.-L. (1991). Martingale 

and duality methods for utility maximization in an incomplete market. SIAM 

J. Control Optim. 29 702-730. MR1089152 
[16] Karatzas, I. and Shreve, S. E. (1998). Methods of Mathematical Finance. Springer, 

Berlin. MR1640352 

[17] Kramkov, D. and Schachermayer, W. (1999). The asymptotic elasticity of utility 
functions and optimal investment in incomplete markets. Ann. Appl. Probab. 9 
904-950. MR1722287 

[18] Kramkov, D. and Schachermayer, W. (2003). Necessary and sufficient conditions 

in the problem of optimal investment in incomplete markets. Ann. Appl. Probab. 

13 1504-1516. MR2023886 
[19] Kullback, S. (1967). A lower bound for discrimination information in terms of 

variation. IEEE Trans. Inform. Theory 13 126-127. 
[20] LASOTA, A. and Mackey, M. C. (1994). Chaos, Fractals, and Noise. Stochastic 

Aspects of Dynamics, 2nd ed. Springer, New York. MR1244104 
[21] Loskot, K. and Rudnicki, R. (1991). Relative entropy and stability of stochastic 

semigroups. Ann. Polon. Math. 53 139-145. MR1109583 
[22] Mackey, M. C. (1992). Time's Arrow: The Origins of Thermodynamic Behavior. 

Springer, New York. MR1140408 
[23] Pikovsky, I. and Karatzas, I. (1996). Anticipative portfolio optimization. Adv. in 

Appl. Probab. 28 1095-1122. MR1418248 
[24] Pinsker, M. S. (1960). Informatsiya i Informatsionnaya Ustoichivost Sluchainykh 

Velichm i Protsessov. Akad. Nauk USSR, Moscow. MR191718 
[25] Renyi, A. (1961). On measures of entropy and information. Proc. Fourth Berkeley 

Symp. Math. Statist. Probab. 1 547-561. Univ. California Press. MR132570 
[26] ROUGE, R. and El Karoui, N. (2000). Pricing via utility maximization and entropy. 

Math. Finance 10 259-276. MR1802922 
[27] Schachermayer, W. (2001). Optimal investment in incomplete markets when 

wealth may become negative. Ann. Appl. Probab. 11 694-734. MR1865021 
[28] VoiGT, J. (1981). Stochastic operators, information and entropy. Comm. Math. Phys. 

81 31-38. MR630330 



26 



W. SLOMCZYNSKI AND T. ZASTAWNIAK 



Institute of Mathematics 
Jagiellonian University 
Reymonta 4 
30-059 Krakow 
Poland 

E-MAIL: wojcicch. slomczynski@im.uj.edu. pi 



Department of Mathematics 

University of Hull 

Cottingham Road 

Kingston upon Hull HU6 7RX 

United Kingdom 

E-MAIL: t.j.zastawniak@hull.ac.uk 



